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ABSTRACT
A kind of topological field theory is proposed as a candidate to describe the
global structure of the 2-form Einstein gravity with or without a cosmological
constant. Indeed in the former case, we show that a quantum state in the candidate
gives an exact solution of the Wheeler-DeWitt equation. The BRST quantization
based on the Batalin-Fradkin-Vilkovisky (BFV) formalism is carried out for this
topological version of the 2-form Einstein gravity.
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1. Introduction
In recent years, much attention has been focused on the global (topological)
aspects of the Einstein gravity. For example, three-dimensional gravity possesses
non-trivial global structures both in the classical and quantum levels in spite of
the absence of the local fluctuations in the theory. In particular, Witten showed
the Einstein action in three dimensions to be exactly equivalent to a Chern-Simons
term for the Poincare´ group [1]. Using this correspondence, the theory was shown to
be exactly soluble and further in [2], the possibility of topology-changing processes
was discussed. These advances in three-dimensional gravity suggest that one can
also obtain important results by studying the global aspects of the Einstein gravity
in four dimensions. However in this case, the presence of the local gravitational
waves prevents us from approaching the global feature of the theory directly.
In this paper, we propose a kind of topological field theory (TFT) as a promis-
ing candidate which describes the global structure of the four-dimensional Einstein
gravity with or without a cosmological constant. This candidate is obtained by
modifying an alternative formulation of gravity recently developed by Capovilla,
Dell, Jacobson and Meson [3]. This alternative, which we will call the 2-form Ein-
stein gravity, is expressed using anti-self-dual 2-forms as fundamental variables,
instead of the metric or the tetrad. In the presence of a cosmological constant,
we demonstrate an explicit example that an exact global feature in the Einstein
gravity is obtained by examining the TFT in quantum theory. Namely a unique
quantum state in the TFT turns out to be one of exact solutions of quantum
constraints in the Einstein gravity, which include the Wheeler-DeWitt equation.
Moreover, the BRST quantization for the TFT is performed using the Hamilto-
nian formalism introduced by Batalin, Fradkin and Vilkovisky [4-6]. This powerful
method for constrained systems is expected to be useful for further investigations
of the quantum feature of gravity. We get the BRST invariant action in covariant
form for the TFT with or without a cosmological term. In particular, in the former
case, it is shown that the action is identical with the one in Witten’s topological
2
Yang-Mills theory (TYMT) for the SU(2) group [7-10].
The action of the (Euclidean) 2-form Einstein gravity is given in terms of a
symmetric spinor-valued 2-form ΣAB and an SU(2) spin connection 1-form ωAB in
the presence of the cosmological constant Λ,
S =
∫
ΣAB ∧RAB −
Λ
24
ΣAB ∧ ΣAB −
α
2
ψABCDΣ
AB ∧ ΣCD , (1)
where RAB ≡ dωAB + ωAC ∧ ω
C
B, ψABCD is a totally symmetric Lagrange mul-
tiplier field and α is an arbitrary parameter.
♯1
In this formulation, the metric field
gµν is defined in terms of the 2-form Σ
AB as
g
1
2 gµν =
1
24
εαβγδ ΣABµα ΣβγB
C ΣδνCA , g ≡ det(gµν) . (2)
The constraint equations obtained by varying (1) with respect to ψABCD imply
that ΣAB is composed of 1-form eAA
′
with the SU(2) spinor and ‘primed’ spinor
indices [3]. Namely,
Σ(AB ∧ ΣCD) = 0 ⇐⇒ ΣAB = ǫA′B′(e
AA′ ∧ eBB
′
) . (3)
Using this result and translating the SU(2) spinor indices into the SO(4) (the local-
Lorentz) indices [11], we find that (1) is identical with the chiral decomposition
of the first order Palatini action in which the usual spin connection is replaced
by its anti-self-dual part with respect to the SO(4) indices. As is discussed in
[12], this chiral action also gives the Einstein equation. Since the action (1) de-
scribes general relativity, it is invariant under the local-Lorentz transformation and
diffeomorphism,
δωAB = DθAB0 + Lξω
AB , δΣAB = [Σ, θ0]
AB + LξΣ
AB , (4)
where Lξ is the Lie derivative with respect to a vector field ξ
µ, and the local-Lorentz
transformation corresponds to the SU(2) gauge transformation with a parameter
θAB0 .
♯1 Spinor (and primed spinor) indices are raised and lowered according to the convention in
[11]. The symbol ∧ means the exterior product of forms.
3
2. Topological 2-form gravity
Let us consider the situation when we drop the last term in (1), i.e. α = 0. From
now on we use the internal SU(2) indices i, j, k, · · · by expanding ΣA
B = iΣk(σk)A
B
and ωA
B in Pauli-matrices σk for simplicity. Then the action (1) with α = 0
becomes
♯2
Sα=0 =
∫
Σk ∧ Rk −
Λ
24
Σk ∧ Σk . (5)
In this particular case, a new symmetry with a parameter 1-form θk1 emerges in
addition to the local-Lorentz symmetry [3],
♯3
δωk = Dθk0 +
Λ
12
θk1 , δΣ
k = 2(Σ× θ0)
k +Dθk1 . (6)
Although the theory remains invariant under diffeomorphism just as in the α 6= 0
case of the previous section, there is no need to add it to (6) because, modulo
the equations of motion derived from (5), diffeomorphism with the vector fields
ξµ can be generated by the combination of the above local-Lorentz and ‘new-type’
transformations (6) with θk0 = ξ
νωkν and θ
k
1µ = 2ξ
νΣkνµ. With the appearance of
the new-type symmetry, the theory turns out to be on-shell reducible in the sense
that the transformation laws (6) are invariant under
δθk0 = −
Λ
12
ǫk0 , δθ
k
1 = Dǫ
k
0 , (7)
if the equations of motion are satisfied. This means that not all of the parameters
in (6) are independent.
For the Λ 6= 0 case, the action has such a large symmetry under δωk ∝ θk1
(δΣk = Dθk1) that the spin connection ω
k can be completely gauged away. This is
♯2 We have omitted an overall factor of 2 in (5).
♯3 We use the notation for the SU(2) indices, F ·G ≡ F iGi and (F ×G)i ≡ εijkF
j
G
k, where
εijk is the structure constant of SU(2).
D is the spin-covariant exterior derivative, e.g. Dθk0 ≡ dθ
k
0 + 2(ω × θ0)
k.
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very similar to the case of Witten’s TYMT for the SU(2) group [7-10]. In fact if
one eliminates Σk from the action (5) by using the equations of motion, then the
effective action for ωk reads
S =
6
Λ
∫
Rk ∧Rk . (8)
This is the starting action which leads us to the BRST invariant action of the
TYMT in several approaches [8,10]. Also for the Λ = 0 case, the action describes a
kind of TFT, called BF theory, which has recently been discussed [13-15]. Therefore
general relativity, with or without a cosmological constant, is converted into a TFT
if the parameter α is chosen to be zero.
In our topological model (5), we expect that the modes of the gravitational wave
disappear and there remain no (physical) local fluctuations. To see the change of
the physical degrees of freedom and of the symmetries in this process in detail, let
us move into the Hamiltonian formalism.
In the topological case (α = 0), the action (5) becomes in canonical form,
S =
∫
dt
∫
d3x[ω˙a ·B
a − ω0 · ϕ− Σa0 · φ
a] . (9)
The canonical variables are ωka and their conjugate momenta B
a
k ≡ ε
abcΣkbc, which
are the spatial components of the spin connection ωk and the 2-form Σk. Vary-
ing (9) with respect to their time components ωk0 and Σ
k
a0, we get two sets of
constraints,
ϕk ≡ −DaB
a
k ≈ 0 , φ
a
k ≡ 2 (ε
abcRkbc −
Λ
12
Bak) ≈ 0 . (10)
The Poisson brackets among them are given by
{ϕi(x), ϕj(y)} = −2 εijk ϕk(x) δ
3(x− y) , {φai (x), φ
b
j(y)} = 0 ,
{ϕi(x), φ
a
j (y)} = −2 εijk φ
a
k(x) δ
3(x− y) .
(11)
All the constraints are of first class and the algebra is closed. The constraints
ϕk and φ
a
k generate the local-Lorentz and new-type transformations in (6) respec-
tively. In this canonical formulation, the on-shell reducibility (7) appears as a
5
linear dependence of the constraints,
Daφ
a
k −
Λ
6
ϕk = 0 . (12)
Taking account of this relation, the number of independent constraints is nine at
each spatial point, which is just equal to the number of canonical coordinates.
Accordingly the physical degrees of freedom for this topological case are 9− 9 = 0
as expected.
On the other hand, in the Einstein gravity (α 6= 0), we have to solve the
constraint equations (3) which can be considered as five linear equations for nine
Lagrange multipliers Σka0 [3]. The solution is expressed with four arbitrary variables
Na (shift vector) and N˜ (lapse density of weight −1),
Σka0 = −
1
4
εabc[N
bBck +N˜ (Bb × Bc)k] . (13)
Substituting this result for the canonical action (9), we now have four constraints,
together with ϕk in (10), which are associated with the Lagrange multipliers N
a
and N˜ ,
Ca ≡
1
4
εabcB
b · φc = Bb · Rab ≈ 0 ,
C ≡
1
4
εabc(B
a ×Bb) · φc = (Ba ×Bb) · (Rab −
Λ
24
εabcB
c) ≈ 0 .
(14)
Since the forms of these constraints are just the same as the ones in the Ashtekar
formalism [16,17], we can easily identify ϕk, Ca and C with the independent first
class constraints corresponding to the generators of the local-Lorentz transforma-
tion, spatial diffeomorphism and temporal diffeomorphism respectively. But the
constraint algebra is now open as usual in the case of gravity. In this sense the
2-form Einstein gravity is interpreted as a natural covariantization of the Ashtekar
formalism. The number of the physical degrees of freedom for the Einstein gravity
becomes 9− 7 = 2, the modes of the gravitational wave.
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As for the relation between the symmetry of the Einstein gravity and that
of its topological version, an important observation is that all the constraints in
the former are linear combinations of those in the latter. Especially four diffeo-
morphism generators Ca and C in (14) are linearly dependent on nine ‘new-type’
generators φak in (10). This situation can be understood as follows; the large sym-
metry of the topological model is partially broken in the Einstein gravity leaving
only local-Lorentz and diffeomorphism symmetries intact and as a result the grav-
itational waves are induced. Note that the transition is caused by recovering the
term with the Lagrange multiplier field ψABCD in the action (1). With the help
of the equations of motion derived from the action (1) with α 6= 0, this ψABCD is
determined to be proportional to the anti-self-dual part of the Weyl (conformal)
tensor which just governs the modes of the gravitational wave.
This leads us to an expectation that our topological model is a useful tool to
capture the global aspects of the 2-form Einstein gravity. We shall demonstrate
an explicit example for such a use in the following. In the Dirac approach for
quantization [18], one has to impose quantum conditions to choose physical wave
functional Ψ. In the topological case with Λ 6= 0, these conditions can be expressed
using the constraints (10) in ωka representation,
ϕk(ω, δ/δω)Ψ(ω) = iDa(δ/δω
k
a)Ψ(ω) = 0 ,
φak(ω, δ/δω)Ψ(ω) = 2(ε
abcRkbc + i
Λ
12
δ/δωka)Ψ(ω) = 0 .
(15)
We can easily solve these equations to obtain the unique functional of ωka ,
Ψ(ω) = exp(
6i
Λ
IC−S) , IC−S ≡
∫
d3xεabcωa · (∂bωc +
2
3
(ωb × ωc)) , (16)
where IC−S is the Chern-Simons term on the three-dimensional boundary. This
type of solution is also found in a different version of topological gravity [15]. The
functional Ψ(ω) can also be considered as the BRST invariant ‘vacuum’ because it
is the unique representative annihilated by the BRST operator defined using (17)
below.
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Moreover Ψ(ω) becomes a special solution of all quantum constraints includ-
ing the Wheeler-DeWitt equation in the 2-form Einstein gravity if the operator
ordering is arranged as in (14). This ordering is adequate for our discussion since
it is consistent with the commutation relations among the constraint operators
[19]. This Ψ(ω) is nothing but the Euclidean version of the wave functional dis-
covered by Kodama [20,21]. Therefore the physical space of the topological model
is contained in that of the 2-form Einstein gravity.
From this fact, we expect that more informations about the global aspects
of the Einstein gravity can be extracted by investigating its topological version
further. Henceforth we quantize the topological model with the method introduced
by Batalin, Fradkin and Vilkovisky [4-6], which seems to be one of the most suitable
procedures to examine the nature of topological quantum field theory (TQFT).
3. BRST quantization of topological 2-form gravity
In the classification in [5,6], our system with the action (5) corresponds to a
first-stage reducible theory due to the presence of the linearly dependent relation
(12).
♯4
Accordingly we have to enlarge the original phase space of (ωia, B
a
i ) by
introducing (i) the Lagrange multipliers and their conjugate momenta; bosonic
fields (λi, πi), (λ
i
a, π
a
i ) and fermionic fields (λ
i
1, π1i), (ii) the conjugate pairs of the
fermionic ghosts (Ci, P¯i), (C
i
a, P¯
a
i ), (C¯i,P
i), (C¯ai ,P
i
a) and (iii) the conjugate pairs
of the bosonic ‘ghosts for ghosts’ (Ci1, P¯1i), (C¯1i,P
i
1). The fields with subscript 1
belong to the class of the first-stage. Besides these fields, we need the conjugate
pairs of the ‘extraghosts’, bosonic (exλi, exπi) and fermionic (
exC¯i,
exPi), in order to
make the theory covariant completely. The momenta for the Lagrange multipliers
and exπi are constrained to vanish. We assign to the ghosts C
i, Cia (the anti-
ghosts C¯i, C¯
a
i ) the ghost number gh = 1(−1) and gh(λ
i
1, C
i
1, C¯1i,
exλi, exC¯i) =
(1, 2,−2, 0,−1). The ghost number for each momentum field is set to be opposite
♯4 In the following, we use the convention in [6] and the notation, F[µν] ≡
1
2 (Fµν − Fνµ).
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to its conjugate. Furthermore λi1, C¯i, C¯
a
i ,
exC¯i, P¯i and P¯
a
i are pure imaginary while
the other fields are real.
Using these fields, the BRST charge is constructed as follows,
Ω =
∫
d3x[C · ϕ+ Ca · φ
a + iC1 · (DaP¯
a −
Λ
6
P¯)− (C × C) · P¯
− 2(C × Ca) · P¯
a + 2(C1 × C) · P¯1 + π · P + π
a · Pa + π1 · P1 +
exπ · exP] .
(17)
It satisfies the nilpotency condition {Ω, Ω} = 0 and is real, fermionic and gh(Ω) =
1. If setting Λ 6= 0 and dropping the last extraghost term in (17), this BRST
charge becomes equivalent to the one derived in the TYMT [10].
Next we have to choose the gauge fermion F to be pure imaginary and gh(F) =
−1, in order to obtain the BRST invariant (gauge fixed) action and the BRST
transformation in covariant form,
F =
∫
d3x[C¯ · χ+ C¯a · χa + C¯1 · χ1 + P¯ · λ+ P¯
a · λa + P¯1 · λ1 +
exλ · χ′
+ exC¯ · χ′′ + iβπ1 · (C1 × C¯1)− 2iγ(C¯1 × C) · (C1 × C¯1)] ,
(18)
where
χi ≡ − ∂aω
a
i , χ
i
a ≡
1
2
Db(ε
b
acB
c
i )− 2 (λ× λa)
i,
χ1i ≡ iDaC
a
i + 2 (λ× λ1)
i, χ′i ≡ DaC¯
a
i + 2 (λ×
exC¯)i,
χ′′i ≡ Daλ
a
i ,
(19)
and the parameters β, γ are real. These choices turn out to be the gauge fixing
conditions for local-Lorentz, new-type and reducible symmetries respectively in the
final covariant expression,
♯5
∂µω
µ
i = 0 , DνΣ
µν
i = 0 , DµC
µ
i = DµC¯
µ
i = 0 . (20)
♯5 We use the flat background metric in the gauge fixing procedure for simplicity.
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Then the BRST invariant (effective) action Seff is given by
Seff =
∫
dt[
∫
d3x(ω˙a ·B
a + λ˙ · π + λ˙a · π
a + λ˙1 · π1 +
exλ˙ · exπ + C˙ · P¯
+ C˙a · P¯
a + C˙1 · P¯1 +
˙¯C · P + ˙¯C
a
· Pa +
˙¯C1 · P1 +
ex ˙¯C · exP)−Heff ] .
(21)
The original Hamiltonian H0 vanishes due to the diffeomorphism invariance of
the theory and hence the effective Hamiltonian Heff is equal to −{F ,Ω}. After
excluding the conjugate momenta for the ghosts and the ghosts for ghosts by using
the equations of motion from (21), identifying λi, λia, λ
i
1 and
exC¯i with ω
i
0,Σ
i
a0, iC
i
0
and C¯i0, setting the parameters β = γ (≡ κ) and redefining the following fields,
πˆai ≡ π
a
i + 2(C¯
a × C)i , πˆ0i ≡
exπi + 2(
exC¯ × C)i ,
πˆ1i ≡ π1i − 2(C¯1 × C)
i , τ i ≡ exPi − 2(exλ× C)i ,
(22)
we get
Seff = Scl + SG + SN + SE , (23)
where Scl is the starting action (5) and
SG =
∫
d4x[π · ∂µω
µ + ∂µC¯ · (DµC −
Λ
6
Cµ)] ,
SN =
∫
d4x[πˆµ ·DνΣ
µν + 2DµC¯ν ·D[µCν] +
Λ
3
(C¯µ × Cν) · Σµν
− iπˆ1 ·DµC
µ +DµC¯1 ·DµC1 +
Λ
3
i C¯1 · (C
µ × Cµ)− τ ·DµC¯
µ
− exλ · (Dµπˆ
µ −
Λ
3
(C¯µ × Cµ))−
i
2
εµνρτ (DµC¯ν ×DρC¯τ ) · C1] ,
SE =
∫
d4x[−i κ(πˆ1 × πˆ1) · C1 −
Λ
3
κ(C1 × C¯1)
2] .
(24)
All the terms in SN are obtained by the usual Faddeev-Popov procedure with the
gauge fixing conditions (20) except for the last cubic ghost term. This non-trivial
term stems from the on-shell reducibility (7) of the theory [13].
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The BRST transformation in covariant form is given by
δBω
i
µ = DµC
i −
Λ
6
Ciµ ,
δBΣ
i
µν = −2D[µCν]
i + 2(Σµν × C)
i + i εµνρτ(D
ρC¯τ × C1)
i ,
δBC
i = (C × C)i +
Λ
6
i Ci1 , δBC¯i = −πi , δBπi = 0 ,
δBC
i
µ = 2(C × Cµ)
i + iDµC
i
1 , δBC
i
1 = −2(C × C1)
i ,
δBC¯
µ
i = −πˆ
µ
i + 2(C¯
µ × C)i , δBπˆ
µ
i = 2(πˆ
µ × C)i +
Λ
3
i (C¯µ × C1)
i ,
δBC¯1i = πˆ1i + 2(C¯1 × C)
i , δBπˆ1i = 2(πˆ1 × C)
i −
Λ
3
i (C¯1 × C1)
i ,
δB
exλi = τ i + 2(exλ× C)i , δBτ
i = 2(τ × C)i −
Λ
3
i (exλ× C1)
i .
(25)
The off-shell nilpotency of the transformation is satisfied by all the fields except
for the 2-form Σiµν and
δ 2B Σ
i
µν = i εµντρ(
δSeff
δΣρτ
× C1)
i , (26)
which vanishes by the equations of motion. We have also derived all these results
using the antifield formalism introduced by Batalin and Vilkovisky [22].
If we choose the cosmological constant Λ and the parameter κ in (24) to be zero
and drop SG from (23) to keep the local-Lorentz (SU(2)) symmetry, the effective
action Seff = Scl + SN becomes identical with the quantum action discussed in
[13,14], which describes a kind of ‘Schwarz-type’ TQFT.
On the contrary, for the Λ 6= 0 case, we expect that one can reach the TYMT
from our theory because of the equivalence of their starting actions as noted pre-
viously. In fact, the quantum action of the TYMT appears if we change the gauge
fixing condition for the new-type symmetry as
DνΣ
µν
i = 0 → Dν
+Σµνi = 0 . (27)
The superscript ‘+’ means ‘self-dual’ for the world indices µ, ν, · · ·. Besides we
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redefine the following auxiliary and ghost fields,
πµνi ≡ D
[µπˆ
ν]
i −
Λ
3
(C [µ × C¯ν])i , χ¯µνi ≡ D
[µC¯
ν]
i . (28)
Using the equations of motion derived from the variations with respect to exλi, τi
and Σiµν , we get
Seff = S
′
cl + SG + S
′
N + SE , (29)
where S′cl is the Pontryagin action (8) and
S′N =
∫
d4x[
6
Λ
+πρτ ·
+Rρτ +
3
4Λ
+πµν · +πµν + 2
+χ¯µν ·DµCν − i πˆ1 ·D
µCµ
+
Λ
3
iC¯1 · (C
µ × Cµ)− i(
+χ¯µν ×
+χ¯µν) · C1 +D
µC¯1 ·DµC1] .
(30)
This Seff is equivalent to the action of the TYMT [7-10]. Also the elimination of
Σiµν by using the equations of motion brings about the off-shell nilpotent BRST
transformation which is the same as the one in the TYMT. We see that the inclusion
of the cosmological term changes the ‘Schwarz-type’ TQFT into the ‘Witten-type’
TQFT.
4. Conclusion
We have clarified the relation between the 2-form Einstein gravity in four di-
mensions and its topological version, and performed the BRST quantization for the
TFT. With the benefit of several technical merits in the TFT, further exploration
of the theory will yield fruitful results for the Einstein gravity and is also interesting
from the mathematical point of view. Moreover, we can interpret our topological
model as an unbroken phase of the Einstein gravity. In fact, we have seen that the
partial breakdown of the symmetry in the TFT generates the Einstein gravity. It
is sufficiently intriguing for us to pursue the mechanism explaining this process as
the spontaneous breakdown of the topological symmetry.
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